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HOCHSCHILD PRODUCTS AND GLOBAL NON-ABELIAN 
COHOMOLOGY FOR ALGEBRAS. APPLICATIONS 

A. L. AGORE AND G. MILITARU 


Abstract. Let A be a unital associative algebra over a field k, E & vector space and 
TV : E ^ A a. surjective linear map with V = Ker(7r). All algebra structures on E 
such that TT : E —>• A becomes an algebra map are described and classified by an 
explicitly constructed global cohomological type object (A, V). Any such algebra 
is isomorphic to a Hochschild product A-kV, an algebra introduced as a generalization 
of a classical construction. We prove that GH^ (A, V) is the coproduct of all non- 
abelian cohomologies (A, {V, •)). The key object GH^ (A, k) responsible for the 
classification of all co-flag algebras is computed. All Hochschild products A*fc are also 
classified and the automorphism groups AutAig(A*fc) are fully determined as subgroups 
of a semidirect product A* k (fc* x AutAig(A)) of groups. Several examples are given 
as well as applications to the theory of supersolvable coalgebras or Poisson algebras. In 
particular, for a given Poisson algebra P, all Poisson algebras having a Poisson algebra 
surjection on P with a 1-dimensional kernel are described and classified. 


Introduction 

Introduced at the level of groups by Holder [28], the extension problem is a famous and 
still open problem to which a vast literature was devoted (see [1] and the references 
therein). Fundamental results obtained for groups [1, 15, 37] served as a model for 
studying the extension problem for several other fields such as Lie/Leibniz algebras 
[14, 31], super Lie algebras [6], associative algebras [17, 26], Hopf algebras [8], Poisson 
algebras [24], Lie-Rinehart algebras [12, 25] etc. The extension problem is one of the main 
tools for classifying ’finite objects’ and has been a source of inspiration for developing 
cohomology theories in all fields mentioned above. We recall the extension problem using 
the language of category theory. Let C be a category having a zero (i.e. an initial and 
final) object 0 and for which it is possible to define an exact sequence. Given A, B two 
fixed objects of C, the extension problem consists of the following question: 

Describe and classify all extensions of A by B, i.e. all triples {E, i, vr) consisting of an 
object E of C and two morphisms in C that fit into an exact sequence of the form: 

0- ^ B E A -^0 
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Two extensions {E, i, tt) and {E', i', vr') of ^4 by i? are called equivalent if there exists 
an isomorphism ip : E ^ E' m. C that stabilizes B and co-stabilizes A, i.e. p o i = i' 
and tt' o p = tt. The answer to the extension problem is given by explicitly computing 
the set Ext (A, B) of all equivalence classes of extensions of A by i? via this equiva¬ 
lence relation. The simplest case is that of extensions with an ’abelian’ kernel B for 
which a Schreier type theorem proves that all extensions of A by an abelian object B 
are classified by the second cohomology group H^(^, B) - the result is valid for groups, 
Lie/Leibniz/associative/Poisson/Hopf algebras, but the construction of the second co¬ 
homology group is different for each of the above categories [8, 14, 15, 26, 37]. The 
difficult part of the extension problem is the case when B is not abelian: as a general 
principle, the Schreier type theorems remain valid, but this time the classifying object of 
all extensions of ^ by i? is not the cohomology group of a given complex anymore, but 
only a pointed set called the non-abelian cohomology B). For its construction 

in the case of groups we refer to [7], while for Lie algebras to [19] where it was proved 
that the non-abelian cohomology B) is the Deligne groupoid of a suitable differ¬ 

ential graded Lie algebra. The difficulty of the problem consists in explicitly computing 
^nab(^’ i?): lacking an efficient cohomology tool as in the abelian case [35, 38], it needs to 
be computed ’case by case’ using different computational and combinatorial approaches. 

This paper deals, at the level of associative algebras, with a generalization of the ex¬ 
tension problem, called the global extension (GE) problem, introduced recently in [3, 33] 
for Poisson/Leibniz algebras as a categorical dual of the extending structures problem 
[2, 4, 5]. The GE-problem can be formulated for any category C using a simple idea: 
in the classical extension problem we drop the hypothesis ’B is a fixed object in C’ and 
replace it by a weaker one, namely 'B has a fixed dimension’. For example, if C is the 
category of unital associative algebras over a field k, the GE-problem can be formulated 
as follows: for a given algebra A, classify all associative algebras E for which there exists 
a surjective algebra map E —^ 0 whose kernel has a given dimension c as a vector 

space. Of course, any such algebra has ^ x E as the underlying vector space, where V is 
a vector space such that dim(E) = c. Among several equivalent possibilities for writing 
down the GE-problem for algebras, we prefer the following: 

Let A be a unital associative algebra, E a vector space and tt : E ^ A a linear epi- 
morphism of vector spaces. Describe and classify the set of all unital associative algebra 
structures that can be defined on E such that vr : E —)• A becomes a morphism of algebras. 

By classification of two algebra structures -e and on E we mean the classification 
up to an isomorphism of algebras (E, -e) — (E, that stabilizes V := Ker(7r) and 

co-stabilizes A: we shall denote by Gext(A, E) the set of equivalence classes of all 
algebra structures on E such that vr : E —)• A is an algebra map. Let us explain now 
the significant differences between the GE-problem and the classical extension problem 
for associative algebras whose study was initiated in [17, 26]. Let (E, -e) be a unital 
algebra structure on E such that tt : (E, —)• A is an algebra map. Then (E, -e) is 

an extension of the unital algebra A by the associative algebra V = Ker(7r), which is a 
non-unital subalgebra (in fact a two-sided ideal) of (E, -e)- However, the multiplication 
on V is not fixed from the input data, as in the case of the classical extension problem: 
it depends essentially on the algebra structures on E which we are looking for. Thus the 
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classical extension problem is in some sense the ’local’ version of the GE-problem. The 
partial answer and the best result obtained so far for the classical extension problem was 
given in [26, Theorem 6.2]: all algebra structures •£; on E such that E is a two-sided 
ideal of null square (i.e. x -e y = 0, for all x, y G E - that is V is an ’abelian’ algebra) 
are classified by the second Hochschild cohomological group H^(^, V). The result, as 
remarkable as it is, has its limitations: for example, if A := M.n{k) is the algebra of 
n X n-matrices then there is no associative algebra E of dimension 1 -|- for which we 
have a surjective algebra map A —)• M„(A:) with a null square kernel - however, there is 
a large family of such algebras with a projection on one of them being of course 

the direct product of algebras M„(A:) x k (more details are given in Example 2.13). This 
example provides enough motivation for studying the GE-problem and the fact that it 
covers the missing part in the classical Hochschild approach of the extension problem. 

The paper is organized as follows. Section 1 gives the theoretical answer to the GE- 
problem in three steps. Eirst of all, in Proposition 1.2 we introduce a new product 
A-kV = ^*(<,>, 1 ?,.) V, associated to an algebra A and a vector space V connected by 
two ’actions’ of ^ on E, a ’cocycle’ and an associative multiplication • on V satisfying 
several axioms. We call the algebra A-kV the Hochschild product since, in the particu¬ 
lar case when • is the trivial multiplication on V the above product reduces to the one 
introduced by Hochschild in [26]: in this case the axioms involved in the construction 
of ^4 * E come down to the fact that E is an 74-bimodule and : ^4 x ^4 ^ E is an 
usual normalized 2-cocycle. On the other hand, if the cocycle is the trivial map then 
the associated Hochschild product 74 aE is just the semidirect product A^ V of algebras 
and the corresponding axioms show that (E, •) is an associative algebra in the monoidal 
category {a-Ma, — Gih A) of A-bimodules. The canonical surjection ^4 * E —)• A is 
an algebra map having the kernel E. Proposition 1.4 proves the converse: any algebra 
structure -e which can be defined on the vector space E such that vr : {E, -e) ^ A 
is a morphism of algebras is isomorphic to a Hochschild product ^4 ★ E. Based on 
these results and a technical lemma, the theoretical answer to the GE-problem is given 
in Theorem 1.9: the classifying set Gext(74, E) is parameterized by an explicitly con¬ 
structed global cohomological object {A, V) and the bijection between the elements 
of (^4, E) and Gext(74, E) is given. On the route, Gorollary 1.5 proves that any 
finite dimensional algebra is isomorphic to an iteration of Hochschild products of the 
form (••• ((S'*Ei)a 4^)*---*E)) where S' is a finite dimensional simple algebra and 
El, • • • , E are finite dimensional vector spaces. Gorollary 1.11 provides a decomposition 
of GH^ {A, V) as the coproduct of all non-abelian cohomologies (^4, (E, -y)), which 
are classifying objects for the extensions of A by all associative algebra structures • on 
E - the second Hochschild cohomological group H^ {A, E) is the most elementary piece 
among all components of GH^ {A, V). Gomputing the classifying object GH^ {A, V) is a 
highly nontrivial task: if A is finite dimensional and E := k’^ this object parameterizes the 
equivalence classes of all unital associative algebras of dimension n -|- dim(74) that admit 
an algebra surjection on A. In Section 2 we shall identify a way of computing this object 
for a class of algebras called co-flag algebras over A, i.e. algebras E that have a finite 
chain of surjective morphisms of algebras An := E 74„_i • • • Ai Aq := A, 
such that dim(Ker(7rj)) = 1, for all i = 1, • • • , n. All co-flag algebras over A can be 
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completely described and classified by a recursive reasoning whose key step is given in 
Proposition 2.6 and Corollary 2.7 where {A, k) is computed and all Hochschild prod¬ 
ucts A-k k are described by generators and relations. The less restrictive classification 
of these algebras, i.e. only up to an agebra isomorphism, is given in Theorem 2.8 where 
the second classifying object HOC {A, k) is computed: it parameterizes the isomorphism 
classes of all Hochschild products A-kk, that is, it classifies up to an isomorphism, all 
algebras B which admit a surjective algebra map B ^ A with a 1-dimensional kernel. 
As a bonus of our approach, the automorphism groups AutAig(A*A:) are fully determined 
in Corollary 2.12 as subgroups of a semidirect product A* x [k* x AutAig(A)) of groups. 
At this point we should mention that determining the structure of the automorphism 
group of a given algebra is an old problem, intensively studied and very difficult, arising 
from invariant theory (see [10, 13] and the references therein). Several examples where 
both classifying objects GH^ (A, k) and HOC (A, k) are explicitly computed for different 
algebras A are worked out in details. For instance, if A = k[Cn], is the group algebra 
of the cyclic group Cn of order n, then GH^ {k[Cn], k) = (Un{k) x Un{k)) \Jk*, where 
Un{k) is the group of n-th roots of unity in k. The classification of these algebras, by de¬ 
scribing the classifying object HOC {k[Cn], k), is also indicated and reduces the question 
to a challenging number theory problem which depends heavily on the arithmetics of n 
and the base field A: - it is also related to two intensively studied problems in the theory 
of group rings, namely the description of all invertible elements and the automorphism 
group of a group algebra [23, 32, 34]. An intriguing example is A ;= Tn{k), the algebra 
of upper triangular (n x n)-matrices. The global cohomological object GH^ (Tnik), k) is 
computed in Example 2.19 being described by a very interesting set of matrices of trace 
0. In particular, jHOC {72{k), k)\ =8, i.e. up to an isomorphism of algebras there exist 
exactly eight 4-dimensional algebras that have an algebra projection on the Heisenberg 
algebra l^ik). Applications for coalgebras and Poisson algebras are given in Section 3 
based on the same idea; namely, that of rephrasing the concepts and results of this 
paper for coalgebras (resp. Poisson manifolds) via two different contravariant functors 
(— )* := Homfc (—, k) (resp. C'°°(—)) from the category of coalgebras (resp. Poisson 
manifolds) to the category of algebras (resp. Poisson algebras). Having the theory of 
supersolvable Lie algebras [9] as a source of inspiration we introduce the concept of a 
supersolvable coalgebra in such a way that a coalgebra C is supersolvable if and only if 
the convolution algebra C* is a co-flag algebra. In particular, Corollary 2.18 classifies all 
3-dimensional supersolvable coalgebras over a field of characteristic ^ 2. On the other 
hand, for a given Poisson algebra P, Theorem 3.3 classifies up to an isomorphism all 
Poisson algebras Q which admit a Poisson surjection Q —)• P —)• 0 with a 1-dimensional 
kernel. The result is the algebraic counterpart of the classification problem of all Poisson 
manifolds containing a given Poisson manifold M of codimension 1. As an example, 
we show that there exist exactly six families of 4-dimensional Poisson algebras with a 
Poisson algebra surjection of the Heisenberg-Poisson algebra P(3, k). For applications 
and further motivation for studying Poisson algebras we refer to [21, 22, 30]. 
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1. The global extension problem 

Notations and terminology. For two sets X and Y we shall denote hy X \JY their 
coproduct in the category of sets, i.e. X U T is the disjoint union of X and Y. Unless 
otherwise specified, all vector spaces, linear or bilinear maps are over an arbitrary field 
k. A map f :V ^ W between two vector spaces is called the trivial map if f{v) = 0, for 
all r; £ V. By an algebra A we always mean a unital associative algebra over k whose 
unit will be denoted by 1a- All algebra maps preserve units and any left/right A-module 
is unital. For an algebra A, AutAig(A) denotes the group of algebra automorphisms of 
A, Alg (A, k) is the space of all algebra maps A ^ k while aA\a stands for the category 
of A-bimodules. If (V, i>, <) £ a-Ma is an A-bimodule, then the trivial extension of A 
by V is the algebra AxV, with the multiplication defined for any a, b G A, x, y G V by: 

(a, x) ■ (6, y) := [ab, ai>y + x<b) (1) 

Let A be an algebra, E a vector space, tt : E ^ A a linear epimorphism of vector spaces 
with V := Ker(7r) and denote by i : U —)• U the inclusion map. We say that a linear map 
ip : E ^ E stabilizes V (resp. co-stabilizes A) if the left square (resp. the right square) 
of the following diagram 



is commutative. Two unital associative algebra structures • and ■' on E such that vr : 
E ^ A is a morphism of algebras are called cohomologous and we denote this by {E, ■) ~ 
(U, •'), if there exists an algebra map p : (E,-) —?> {E,-') which stabilizes V and co¬ 
stabilizes A. We can easily prove that any such morphism is bijective and thus, ~ is 
an equivalence relation on the set of all algebra structures on E such that tt : E ^ A 
is an algebra map and we denote by Gext (A, E) the set of all equivalence classes via 
the equivalence relation ~. Gext (A, E) is the classifying object for the GE-problem. In 
what follows we will prove that Gext (A, E) is parameterized by a global cohomological 
object (A, V) which will be explicitly constructed. To start with, we introduce the 
following: 

Definition 1.1. Let A be an algebra and V a vector space. A Hochschild data of A by 
U is a system 0(A, V) = (>, <], d, ■) consisting of four bilinear maps 

c>:AxU^U, cUxA^U, d : Ax A^V, •:UxU^U 

For a Hochschild data 0(A, U) = (t>, <i, d, ■) we denote by A * U = A ,> .) V the 

vector space A x U with the multiplication defined for any a, b G A and x, y gV by: 

(a, x) -k [b, y) := (ab, d{a, b) + a>y + x<bG-x-y) (3) 

A*U is called the Hochschild product associated to 0(A, V) if it is an associative algebra 
with the multiplication given by (3) and the unit (1^, 0\/). In this case 0(A, U) = 
(t>, 0, I?, •) is called a Hochschild system of A by V. The multiplication defined by (3) is 
more general than the one appearing in the proof of [26, Theorem 6.2] - the latter arises 
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as a special case oi A-kV for ■ V xV ^ V the trivial map, that is x • y = 0, for all 
X, y € V. Moreover, the GE-problem is the dual, in the sense of category theory, of the 
extending structures problem studied for algebras in [5]: hence, from this viewpoint the 
Hochschild product A-kV can be seen as a categorical dual of the unified product AxV 
introduced in [5, Theorem 2.2], The necessary and sufficient conditions for AkV to be 
a Hochschild product are given in the following: 

Proposition 1.2. Let A he an algebra, V a vector space and Q{A,V) = (>, <], i?, •) 
a Hochschild data of A by V. Then AkV is a Hochschild product if and only if the 
following compatibility conditions hold for any a, b, c £ A and x, y £ V: 

(HO) ??(a, 1^) = a) = 0, x < 1a = x, 1 a> x = x 
(HI) (x ■ y) <1 a = X ■ (y <1 a) 

(H2) (x <! a) ■ y = X ■ (a > y) 

(H3) a > (x ■ y) = (a > x) ■ y 
(H4) (a t> x) <1 6 = a 0 (x <1 6) 

(H5) d(a, be) — i9(ab, c) = i9(a, b) <1 c — a> i?(6, c) 

(H6) (ab) >x = a>(b>x) — 'i?(o, b) ■ x 
(H7) X <1 (ab) = (x <S a) <1 b — X ■ ??(a, b) 

(H8) The bilinear map ■ : V x V ^ V is associative. 

Before going into the proof, we make some comments on the relations (H0)-(H8). The 
first relation in (HO) together with (H5) show that i? is a normalized Hochschild 2- 
cocycle. (H6) and (H7) are deformations of the usual left and respectively right H-module 
conditions: together with (H4) and the last two relations of (HO) they measure how far 
iy, >, <i) is from being an H-bimodule. Finally, axioms (H1)-(H3) are compatibilities 
between the associative multiplication • on V and the ’actions’ (i>, <) of H on F which 
are missing in the classical theory [26] since • is the trivial map and thus they are 
automatically fulfilled. When id is the trivial map, axioms (H1)-(H3) together with 
(H6)-(H8) imply that (V, ■) is an associative algebra in the monoidal category aA\a = 
(aAA.A-, — ®A — j ^) of H-bimodules (see Example 1.3 below). 

Proof. To start with, we can easily prove that (1^, Oy) is the unit for the multiplication 
dehned by (3) if and only if (HO) holds. The rest of the proof relies on a detailed analysis 
of the associativity condition for the multiplication given by (3). Since va. AkV we have 
(a, x) = (a, 0) + (0,x), it follows that the associativity condition holds if and only if it 
holds for all generators of AkV, i.e. for the set {(a, 0) | a G H}u{(0, x) | x G E}. To save 
space we will illustrate only a few cases, the rest of the details being left to the reader. 
For instance, the associativity condition for the multiplication given by (3) holds in {(0, 
x), (0, y), (a, 0)} if and only if (HI) holds. Similarly, the associativity condition holds 
in {(0, x), (a, 0), (0, y)} if and only if (H2) holds while, the associativity condition 

holds in {(0, x), (0, y), (0, z)} if and only if • : E x E —E is associative. □ 

From now on a Hochschild system of H by E will be viewed as a system of bilinear maps 
0(H, E) = (>, <1, ■!?, •) satisfying the axioms (H0)-(H8) and we denote by HS (A, V) the 
set consisting of all Hochschild systems of H by E. 
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Examples 1.3. 1. By applying Proposition 1.2 we obtain that a Hochschild data 
(t>, <, t?, •) for which • is the trivial map is a Hochschild system if and only if (P, >, o) is 
an H-bimodule and 'd : A x A ^ V \s a. normalized 2-cocycle. Furthermore, if'd is also 
the trivial map, then the associated Hochschild product is just the trivial extension of 
the algebra A by the H-bimodule V as defined by (1). 

2. A Hochschild system 0(A, V) = (o, o, 19, •) for which i9 is the trivial map is called a 
semidirect system of A by V. In this case i9 will be omitted when writing down 0(A, V) 
and axioms in Proposition 1.2 take a simplified form; 0(A, V) = (o, o, •) is a semidirect 
system if and only if iV, >, o) G aAA.A is an A-bimodule, iV, •) is an associative algebra 
and 

{x ■ y) < a = X ■ {y < a), a\> {x ■ y) = {a> x) ■ y, {x < a) ■ y = x ■ {a\> y) (4) 

for all a £ A, X, y G V. The Hochschild product associated to a semidirect system 
0(A, V) = (i>, o, •) is called a semidirect product of algebras and will be denoted by 
A^V := o .)P. The terminology will be motivated below in Corollary 1.6: exactly 

as in the case of groups or Lie algebras, the semidirect product of algebras describes split 
epimorphisms in the category of algebras. We will rephrase the axioms of a semidirect 
system 0(A, P) = (>, <, •) of A by P using the language of monoidal categories. The 
first and the second axioms of (4) are equivalent to the fact that the bilinear map 
• : P X P — >• P is an A-bimodule map, while the last one is the same as saying that the 
map is A-balanced. The space of these maps is in one-to-one correspondence with the 
set of all A-bimodule maps P (8 )a P ^ P. This fact together with the other two axioms 
can be rephrased as follows: 0(A, P) = (>, <], •) is a semidirect system of A by P if and 
only if (P, •) is a (not-necessarily unital) associative algebra in the monoidal category 
a-Ma = {a-Ma, — —) A) of A-bimodules. 

The Hochschild product is the tool to answer the GE-problem. Indeed, first we observe 
that the canonical projection tt^i ; A a P — )• A, 77^(0, x) := a is a surjective algebra map 
with kernel {0} x P = P. Hence, the algebra A * P is an extension of the algebra A by 
the associative algebra (P, •) via 

0- ^P^^AaP^^A - ^0 (5) 

where iv{x) = (0, x). Conversely, we have: 

Proposition 1.4. Let A be an algebra, E a vector space and tt : E ^ A an epimorphism 
of vector spaces with V = Ker(7r). Then any algebra structure ■ which can be defined on 
the vector space E such that vr : [E, •) —)• A becomes a morphism of algebras is isomorphic 
to a Hochschild product A-kV and moreover, the isomorphism of algebras {E, •) = A*P 
can be chosen such that it stabilizes V and co-stabilizes A. 

Thus, any unital associative algebra structure on E such that tt : E ^ A is an algebra 
map is cohomologous to an extension of the form (5). 

Proof. Let • be an algebra structure of E such that tt : {E, •) —^ A is an algebra map. 
Since fc is a field we can pick a fe-linear section s : A —^ E of vr, i.e. tt o s = Id^i and 
s(1a) = 1_e- Then ip : A x V ^ E, p(a,x) := s(a) -|- x is an isomorphism of vector 
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spaces with the inverse ip ^{y) = ('/r(y), y — s(7r(y))), for all y £ E. Using the section s 
we define three bilinear maps given for any a, b £ A and x £V by: 

<1 = <i<j : U X A —)• U, a: <1 a := a: • s(a) 

0 = \>s '■ A X V ^ a\> X ■.= s{a) ■ x 

'& = T^s : A X A ^ V, '&{a, b) := s{a) ■ s{b) — s{ab) 

and let -y : U X U ^ U be the restriction of • at V, i.e. x -y y '■= x ■ y, for all x, y £ V. 
We can easily see that they are well-defined maps. The key step is the following: using 
the system (<i, t>, = •) connecting A and V we can prove that the unique algebra 

structure ★ that can be defined on the direct product of vector spaces ^ x U such that 
p : A X V ^ {E, •) is an isomorphism of algebras is given by: 

(a, x) * (6, y) := {ah, ??(a, h) + a > y + x <\h + x ■ y) (6) 


for all a, b £ A, X, y £ V. Indeed, let * be such an algebra structure on Ax V. Then: 
{a,x)x{b,y) = p~^{p{a,x) ■ p{b,y))= {{s{a) + x) ■ {s{b) + y)) 

= p~^{s{a) ■ s{b) + s(a) - y + x ■ s{b) + x ■ y) 

= {ab, s{a) ■ s{b) — s{ab) + s(a) ■ y + x ■ s(b) + x ■ y) 

= (ab, i9(a, b)+a>y + x<b + x-y) 

as needed. Thus, p : A-*rV —)■ (E, •) is an isomorphism of algebras and we can see that 
it stabilizes V and co-stabilizes A. □ 


Using Proposition 1.4 we obtain the following result concerning the structure of finite 
dimensional algebras which indicates the crucial role played by Hochschild products. 
We can survey all algebras of a given dimension if we are able to compute various 
Hochschild systems starting with a simple algebra (whose structure is well-known due 
to the Wederburn-Artin theorem) and the associated Hochschild products. It is the 
associative algebra counterpart of a similar result from group theory [36, pages 283-284]. 

Corollary 1.5. Any finite dimensional algebra is isomorphic to an iteration of Hochschild 
products of the form • ((5'*l/i)*V2 )*'•where S is a finite dimensional simple 
k-algebra, t is a positive integer and Ui, • • • , V) are finite dimensional vector spaces. 

Proof. Let A be an algebra of dimension n. The proof goes by induction on n. If re = 1 
then A = k = /c*{0} and k is a simple algebra. Assume now that re > 1. If A is 
simple there is nothing to prove. On the contrary, if A has a proper two-sided ideal 
{0} Vt A, let TT '. A ^ Ai := A/Vt be the canonical projection. It follows from 
Proposition 1.4 that A = Ai-kVt, for some Hochschild system of Ai by Vj- If Ai is simple 
the proof is hnished; if Ai is not simple, we apply induction since dimfc(Ai) < re. □ 

The semidirect products of algebras characterize split epimorphism in this category: 

Corollary 1.6. An algebra map tt : B ^ A is a split epimorphism in the category 
of algebras if and only if there exists an isomorphism of algebras B = AffV, where 
V = Ker(7r) and AffV is a semidirect product of algebras. 
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Proof. First we note that for a semidirect product AffV, the canonical projection pA '■ 
AffV —>• A, pA{a, x) = a has a section that is an algebra map dehned by SA{a) = (o, 0), 
for all a £ A. Conversely, let s : ^ S be an algebra map such that no s = Id^i. Then, 
the bilinear map 'dg constructed in the proof of Proposition 1.4 is the trivial map and 
hence the corresponding Hochschild product ^ a 14 is a semidirect product AffV. □ 

Proposition 1.4 shows that the classification part of the GE-problem reduces to the 
classification of all Hochschild products associated to all Hochschild systems of A by V. 
This is what we will do next. 

Lemma 1.7. Let 0(H, 14) = (>, <i, i?, •) and Q'{A, 14) = (i>', ■') be two Hochschild 

systems and A-kV, respectively Ak'V, the corresponding Hochschild products. Then there 
exists a bijection between the set of all morphisms of algebras if : A-kV Ak' V which 
stabilize V and co-stabilize A and the set of all linear maps r : A ^ V with r{lA) = 0 
satisfying the following compatibilities for all a, b £ A, x, y £ 14; 

(CHI) x-y = x-'y; 

(CH2) x<ia = x<\’a + x-’ r{a); 

(CHS) a\> X = a>' X + r{a) ■' x; 

(CH4) '&{a, b) + r{ab) = ??'(«, b) + at>' r{b) + r{a) <' b + r{a) ■' r{b) 

Under the above bijection the morphism of algebras if = ifr. AkV —)• Ak'V corresponding 
to r : A ^ V is given by if {a, x) = (a, r{a) + x), for all a £ A, x £ 14. Moreover, if = ifr 
is an isomorphism with the inverse given by iff^ = if-r. 

Proof. It is an elementary fact that a linear map if: AxV^AxV stabilizes 14 and 
co-stabilizes A if and only if there exists a uniquely determined linear map r : A ^ V 
such that if {a, x) = (a, r(o) + x), for al\ a £ A, x £ 14. Let if = if r he such a linear map. 
We will prove that if : AkV -£■ A V V is an algebra map if and only if r(l^) = 0 and 
the compatibility conditions (CH1)-(CH4) hold. To start with it is straightforward to 
see that if preserve the unit {1a, 0) if and only if r(l^) = 0. The proof will be finished 
if we check that the following compatibility holds for all generators of H x 14; 

if{{a,x) k {b,y))= if{{a,x)) k'if{{b,y)) (7) 

By a straightforward computation it follows that (7) holds for the pair (a, 0), (6,0) if and 
only if (CH4) is fulfilled while (7) holds for the pair (0,x), (a, 0) if and only if (CH2) is 
satisfied. Finally, (7) holds for the pair (a, 0), (0,x) and respectively (0,x), {0,y) if and 
only if (CH3) and respectively (CHI) hold. □ 


Lemma 1.7 leads to the following: 

Definition 1.8. Let A be an algebra and 14 a vector space. Two Hochschild systems 
0(H, 14) = (>, < 1 , 1 ?, •) and Q'{A, 14) = (t>', o', D', ■') are called cohomologous, and we 
denote this by 0(H, 14) ~ 0'(H, 14), if and only if • = •' and there exists a linear map 
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r : A ^ V such that r(l^) = 0 and for any a, b G A, x, y £ V we have: 

x<a = x<'a + x-'r{a) (8) 

a>x = a>'x + r{a)-'x (9) 

i?(a, 6) = 'd'{a, b) — r{ab) + a>'r{b) + r{a) <'b + r{a) ■'r{b) (10) 

As a conclusion of this section, we obtain the theoretical answer to the GE-problem: 

Theorem 1.9. Let A be an algebra, E a vector space and ir : E ^ A a linear epi- 
morphism of vector spaces with V = Ker(7r). Then ~ defined in Definition 1.8 is an 
equivalence relation on the set 'HS{A,V) of all Hochschild systems of A by V. If we 
denote by {A, V) := US {A, V)/ then the map 

GH2(A, G) ^ Gext(A, E), (>, <, i?, •) ^ V (11) 

is hijective, where (>, <i, •) denotes the equivalence class of <i, •) via 

Proof. Follows from Proposition 1.2, Proposition 1.4 and Lemma 1.7. □ 

Computing the classifying object GM^ {A, V), for a given algebra A and a given vector 
space P is a very difficult task. The first step in decomposing this object is suggested 
by the way the equivalence relation ~ was introduced in Definition 1.8: it shows that 
two different associative algebra structures • and • on V give two different equivalence 
classes of the relation ~ on T-LS{A,V). Let us fix -y an associative multiplication on 
V and denote by 'HS.^{A, V) the set of all triples (<i, >, such that (>, <i, •v)g 
TLS{A,V). Two triples (<i, c>, i?) and (<i', o', 'd')G 'HS.y{A, V) are -y-cohomologous and 
we denote this by (<, o, if) K,.y (<i', o', H') if there exists a linear map r : A —)• P such 
that r(lyi) = 0 and the compatibility conditions (8)-(10) are fulfilled for •' = -y. Then 
is an equivalence relation on 'HS.y{A, P) and we denote by (A, (P, -y)) the 
quotient set 'HS.y{A, P)/ The non-abelian cohomology (A, (P, -y)) classifies 

all extensions of the unital associative algebra A by a fixed associative algebra (P, -y). 
This can be seen as a Schreier type theorem for associative algebras: we mention that [26, 
Theorem 6.2] (see also [35, Proposition 3.7]) follows as a special case of Gorollary 1.10 if 
we let -y to be the trivial map. 

Corollary 1 . 10 . Let A be a unital associative algebra and (P,-y) an associative multi¬ 
plication on V. Then, the map 

(A, (P, •y))^Ext(A, (P, -y)), (>, <], d) ^ P (12) 

is bijective, where Ext (A, (P, -y)) is the set of equivalence classes of all unital associa¬ 
tive algebras that are extensions of the algebra A by (P, -y) and (>, <i, H) denotes the 
equivalence class of (>, <i, H) via Ri^. 

The above considerations give also the following decomposition of GH^ (A, P): 

Corollary 1.11. Let A be an algebra, E a vector space and tt : E ^ A an epimorphism 
of vector spaces with V = Ker(7r). Then 

Ge2 (A, P) = u.^ (A, (P, -y)) 


(13) 
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where the eoproduct on the right hand side is in the category of sets over all possible 
associative algebra structures -y on the veetor space V. 

By looking at formula (13) one can see that computing {A, V) is a very laborious 
task in which the first major barrier is describing all associative multiplications on V. 
The complexity of the computations involved increases along side with dim(l/). Among 
all components of the coproduct in (13) the simplest one is that corresponding to the 
trivial associative algebra structure on V, i.e. x -y y := 0, for all x, y £ V. We shall 
denote this trivial algebra structure on 1/ by Vq := {V, -y = 0) and we shall prove that 
{a, Vo) is the coproduct of all classical second cohomological groups. Indeed, let 
HSoiA, Vo) be the set of all triples (o, i>, d) such that (>, <], d, -y := 0)g 'HS{A,V). 
Example 1.3 shows that a triple (<, c>, d)£ 'HSo{A, Vq) if and only if (E,>,<]) is an A- 
bimodule and d \ A x A ^ V \s a, normalized 2-cocycle. Two triples (<i, >, d) and 
(o', d')£ T-LSoiA, Eq) are 0-cohomologous (o, >, 'i?)~o (<l^ '&') if and only if o = o', 

c> = >' and there exists a linear map r : A ^ V such that r’(l^) = 0 and 

d{a, b) = d'{a, h) — r{ab) + a > r{b) + r(a) 0 b (14) 

for all a, b £ A - these are the conditions remaining from Definition 1.8 applied for the 
trivial multiplication • := 0. The equalities o = o' and i> = >' show that two different 
A-bimodule structures over E give different equivalence classes in the classifying object 
(A, Eo). Thus, for computing it we can also fix (E, o, i>) an A-bimodule structure 
over E and consider the set (A, Eq) of all normalized Hochschild 2-cocycles: i.e. 

bilinear maps i? : A x A —)• E satisfying (H5) and the first condition of (HO). Two 
normalized 2-cocycles d and d' are cohomologous d ~o if s-iid only if there exists a 
linear map r : A ^ V such that r(l^) = 0 and (14) holds. ~o is an equivalence relation 
on the set (A, Eq) and the quotient set Z^^ (A, Eq)/ ~o is just the classical 

second Hochschild cohomological group which we denote by H^^ (A, Eq). All the above 

considerations prove the following: 

Corollary 1.12. Let A be an algebra and V a vector space viewed with the trivial asso¬ 
ciative algebra strueture Eq. Then: 

h2(A, Eo)= U(,,,)H2^_,)(A, Eo) (15) 

where the coproduct on the right hand side is in the category of sets over all possible 
A-bimodule structures (<, o) on the veetor space V. 

2. Co-flag algebras. Examples. 

In this section we apply the theoretical results obtained in Section 1 for some concrete 
examples: more precisely, for a given algebra A we shall classify all unital associative 
algebras B such that there exists a surjective algebra map n : B ^ A having a 1- 
dimensional kernel, which as a vector space will be assumed to be k. First, we shall 
compute GH^ (A, k): it will classify all these algebras up to an isomorphism which 
stabilizes k and co-stabilizes A. Then, we will compute the second classifying object, 
denoted by HOC (A, k), which will provide the classification of these algebras only up 
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to an isomorphism. Computing both classifying objects is the key step in a recursive 
algorithm for describing and classifying the new class of algebras defined as follows: 

Definition 2.1. Let A be an algebra and E a vector space. A unital associative algebra 
structure -e on LI is called a co-flag algebra over A if there exists a positive integer n 
and a finite chain of surjective morphisms of algebras 

A, := {E, -e) ^ An-i A„_2 ... Ai ^ Ao := a (16) 

such that dimfc(Ker(7rj)) = 1, for all z = 1, • • • , n. A finite dimensional algebra is called 
a co-flag algebra if it is a co-flag algebra over the unital algebra k. 

By applying successively Proposition 1.4 we obtain that a co-flag algebra over an algebra 
A is isomorphic to an iteration of Hochschild products of the form (• • • ((AaA:)*A:)* • • -kk ), 
where the 1-dimensional vector space k appears n times in the above product. The tools 
used for describing co-flag algebras are the following: 

Definition 2.2. Let A be an algebra. A co-flag datum of the first kind of A is a triple 
(A, A, id) consisting of two algebra maps^ A, A : A —>• fc and a bilinear map id : Ax A ^ k 
satisfying the following compatibilities for any a, b, c ^ A: 

z?(a, 1 a) =r) = 0, 'd{a,bc) — id{ab,c) = id{a,b)A{c) — id{b,c)X{a) (17) 

A co-flag datum of the second kind of A is a pair (A, u) consisting of a linear map 

X : A ^ k such that A(l^) = 1 and a non-zero scalar u € k*. 

We denote by CEi (A) (resp. CF 2 (A)) the set of all co-flag data of the first (resp. second) 
kind of A and by CF (A) := CFi (A) U CF 2 (A) their coproduct; the elements of CF (A) 
are called co-flag data of A. The set of co-flag data CF (A) parameterizes the set of all 
Hochschild systems of A by a 1-dimensional vector space. The next result also describes 
the first algebra Ai from the exact sequence (16) in terms depending only on A. 

Proposition 2.3. Let A be an algebra. Then there exists a bijection TLS (A, k) = CF (A) 
between the set of all Hochschild systems of A by k and the set of all co-flag data of A 
given such that the Hochschild product A-k k associated to (A, A, id) G CFi (A) is the 
algebra denoted by A(;^ with the multiplication given for any a, b ^ A, x, y ^ k by: 

{a, x) k {b, y) = [ab, id{a, b) -|- X{a)y + A{b)x) (18) 

while the Hochschild product Ak k associated to (A, u) G CF 2 (A) is the algebra denoted 

by with the multiplication given for any a, b £ A, x, y £ k by: 

{a,x) k {b,y) = [ab, u~^[X{a)X{b) — X{ab))-\-X{a)yX{b)xuxy) (19) 

Proof. We have to compute the set of all bilinear maps : A x k ^ k, < : k x A ^ k, 
id : A X A ^ k and • : k x k ^ k satisfying the compatibility conditions (H0)-(H8) 
of Proposition 1.2. Since k has dimension 1 there exists a bijection between the set 
of all Hochschild datums (t>, <, it, •) of A by A: and the set of all 4-tuples (A, A, id, u) 
consisting of two linear maps A, X : A ^ k, a bilinear map id : Ax A ^ k and a scalar 

^Recall that we assume the algebra maps A : A —>■ fc to be unit preserving, i.e. A(1 a) = 1- 
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u £ k. The bijection is given such that the Hochschild datum (>, o, i?, •) corresponding 
to (A, A, u) is defined as follows: 

a>x:=X{a)x, x<ia:=A{a)x, x-y:=uxy 

for all a € A and x, y £ k. Now, axiom (HO) holds if and only if i?(a, 1 a) = ^^(Ia) a) = 0 
and A(1a) = A(1a) = 1- Axioms (HI), (H3), (H4) and (H8) are trivially fulfilled. 
Axiom (H5) is equivalent to i?(a, be) — i?(a6, c) = '!?(a, b)A{c) — i?(6, c)A(a), axiom (H6) is 
equivalent to 

X{ab) = A(a)A(5) — u'd{a,b) (20) 

while axiom (H7) is equivalent to A(a5) = A(o)A(6) — u'd{a,b). Finally, axiom (H2) is 
equivalent to uA{a) = uX{a), for all a £ A. A discussion on u is imposed by the last 
compatibility condition and the conclusion follows easily: CJ-i (A) corresponds to the 
case when u = 0 and this will give rise to the algebras A-kk = A(^x,A,e)- The case CJ ^2 (A) 
corresponds to u / 0; in this case A = A and the cocycle is implemented by u and A 
via the formula ??(a,6) := u~^[X{a)X{b) — X{ab)'), for all a, b £ A, that arises from (20). 
Moreover, we can easily check that axiom (17) is trivially fulfilled for ?? defined as above. 
The algebra is just the Hochschild product A-kk associated to this context. □ 

Remarks 2.4. (1) The first family of Hochschild products A(;s, a, 0 ) constructed in Propo¬ 
sition 2.3 corresponds to the classical case in which A: = 0 x A: is a two-sided ideal of null 
square in the algebra A^x,A,e)- The algebras A(;, a, 6») will be classified up to an isomor¬ 
phism in Theorem 2.8 below. For the new families of algebras the kernel of the 

canonical projection tta : AA>“) k is equal to A: = 0 x A: and this is not a null square 
ideal since (0,1) k (0,1) = (0, u) ^ (0,0). Let (A, u) £ (A) be a co-flag datum of the 

second kind of A. Taking into account the multiplication on given by (19) we can 

easily prove that the map: 

ip : A^'^’ A X A:, x) := (a, A(a) -£ ux) (21) 

for all a G A and x G A; is an isomorphism of algebras (which does not stabilize k, if 

u 7 ^ 1), where A x A: is the usual direct product of algebras. The inverse of p is given by 
p~^{a,x) = (a, u~^{x — A(a)), for all a G A and x £ k. 

We will now describe the algebra A(;i^ a,i?) by generators and relations. The 

elements of A will be seen as elements in A x A: via the identification a = (a, 0) and we 
denote by / := (O^i, 1) G A x A:. Let {ei\i £ /} be a basis of A as a vector space over 
k. Then the algebra Aj-;,, is the vector space having {/, Cj | i G /} as a basis and the 
multiplication * given for any i £ I by: 

eikej = ei -Aej +'&{ei, Cj) f, f = 0, Cik f = X{ei) f, f k et = A{ei) f (22) 

where -a denotes the multiplication on A. The algebra is the vector space having 

{/, e* I i G /} as a basis and the multiplication * given for any i £ I by: 

e-kcj = ei-Aej + u~^(X(ei)X(ej)-X(ei-Aej)) f, f^ = uf, eikf = f kei = X{ei) f (23) 
Using Proposition 2.3, Proposition 1.4 and the isomorphism A x k we obtain: 
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Corollary 2.5. Let A be an algebra. A unital associative algebra B has a surjective 
algebra map S —^ 0 whose kernel is 1-dimensional if and only if B is isomorphic 
to A X k or ^(a,a,i?); for some (A, A,!?) G CBi (A). 

We are now able to compute the classifying object (A, k). 

Proposition 2.6. Let A be an algebra. Then, 

GH^ (A, k) ^ {cFi (A)/ ) U r 

where is the following equivalence relation on CFi (A); (A, A,i9) (A', A',!?') if and 

only if X = X', A = A' and there exists a linear map t : A ^ k such that for any a, b & A: 

i?(a, b) = b) — t{ab) + X'{a)t{b) + A'{b)t{a) (24) 

Proof. It follows from Theorem 1.9 and Proposition 2.3 that 

Ge2 (A, k) ^ {CFi (A)/ ) U (cF2 (A)/ «2 ) 

where the equivalence relation on CF (A), for z = 1, 2, is just the equivalence relation 
~ from Definition 1.8 written for the sets CF (A) via the bijection LLS (A, k) = CF (A) 
given in Proposition 2.3. The equivalence relation ~ written on the set of all co-flag 
data of the first kind takes precisely the form from the statement - we mention that a 
linear map t satisfying (24) has the property that f(lyi) = 0. The equivalence relation ~ 
written on CF^ (A) takes the following form: (A,u) ^^2 (A',u') if and only if u = u' and 
there exists a linear map t : A ^ k such that for any a G A we have: 

A(a) = A^(a)-I-f(a) u' (25) 

Now, if we hx a unit preserving linear map A® : A —)• /c we obtain that the set {(A^, u)\u £ 
k*} is a system of representatives for the equivalence relation ~2 on CF 2 (A) and hence 

CF 2 (A)/ Ri 2 — k*, which finishes the proof. □ 

The way is defined in Proposition 2.6 indicates the decomposition of (^CFi (A)/ ^ 

as follows: for two fixed algebra maps (A, A) G Alg(A, k) we shall denote by (A, k) 

the set of all normalized (A, A)-cocycles; that is, the set of all bilinear maps d : Ax A ^ k 
satisfying the following compatibilities for any a, b, c £ A: 

z?(a, 1 a) = 'd(lAj a) = 0, 'd{a, be) — 'd{ab, c) = 'i?(a, b)A{c) — 'i?(6, c)A(a) 

Two (A, A)-cocycles d, d' : A x A ^ k are equivalent d d' if and only if there 

exists a linear map t : A ^ k such that 

d{a, b) = d'{a, b) — t{ab) + X{a)t{b) + A{b)t{a) (26) 

for all a, b £ A. If we denote (A, k) := (A, k)/ we obtain the 

following decomposition of GH^ (A, k): 
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Corollary 2.7. Let A be an algebra. Then, 

(A, k) ^ A) (^, /c)) U k* (27) 

where the coproduct on the right hand side is in the category of sets over all possible 
algebra maps X, A : A ^ k. 

The classifying object {A, k) computed in Corollary 2.7 classifies all Hochschild 
products A-kk up to an isomorphism of algebras which stabilizes k and co-stabilizes A. 
In what follows we will consider a less restrictive classification; we denote by HOC {A, k) 
the set of algebra isomorphism classes of all Hochschild products Akk. Two cohomologous 
Hochschild products Akk and Ak' k are of course isomorphic and therefore there exists 
a canonical projection GH^ [A, k) HOC {A, k) between the two classifying objects. 
Next we compute HOC {A, k). 

Theorem 2.8. Let A be an algebra. Then there exists a bijection: 

mOCiA,k)^(cTiiA)/ = ^U{Axk} (28) 

where = is the equivalence relation on CT\ (H) defined by: (A, A, i?) = (A', A',i?') if and 
only if there exists a triple (sq; V'j r) £ k* x AutAig(^) x Homfc(A, k) consisting of a 
non-zero scalar sq £ k*, an algebra automorphism of A and a linear map r : A ^ k 
such that for any a, b £ A we have: 

X = X' ofi, A = A' o if (29) 

i?(a, b) So = (^'f>{a),fi{b)')-\-X{a)r{b) + A{b)r{a) — r{ab) (30) 

Proof. Corollary 2.5 shows that any Hochschild product Akk is isomorphic to ^(a,a,i?)) for 
some (A, A, id) £ CT\ (A) or to Afi^, for some (A', v!) £ CT 2 (A). Since = Ax k, 

the proof relies on the following two steps: 

(1) Let (A, A, 19) and (A', A', i9') £ CT\ (A). Then, there exists a bijection between the set 

of all algebra isomorphisms ip : A(^x,K,-d) ^(A',A',i?') a-iid the set of all triples (sq, if, r) £ 

k* X AutAig(A) X Homfc(A, k) satisfying the compatibility conditions (29) and (30). The 
bijection is given such that the algebra isomorphism ip = ip(so,i>,r) associated to (sq; if, r) 
is defined for any a £ A and x £ k by: 

(2) The algebras A(a,a,i 9 ) and = Ax k are not isomorphic. 

We start by proving (1); although this is more than we need for proving our theorem, 
this more general statement will be used later on in computing the automorphism groups 
for the algebras A(a^a,j 9 )- First we note that there exists a bijection between the set of 
all linear maps ip: Axk^Axk and the set of quadruples (sq, fio, if,r)£kxAx 
Homfc(A, A) X Homfc(A, k) given such that the linear map ip = ip{so,po,ii),r) associated to 
(so, fio, if, r) is given for any a £ A and x £ k by: 

ip{a, x) = {if (a) X fio, r{a) + x sq) 


(32) 
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We will prove now the following technical fact: a linear map given by (32) is an iso¬ 
morphism of algebras from ^(a,a,i?) to ^(A',A',i9') if and only if /3o = 0, so 7^^ 0, is an 
algebra automorphism of A and (29)-(30) hold. Taking into account the multiplication 
on A(a,a,i 9 ) given by (18), we can easily obtain that (^(( 0 , x) * ( 0 , y))= (f(0,x) -k' (p{0,x) 
if and only if /3o = 0, where by we denote the multiplication of ^(a',A',i 9 ')- Hence, in 
order for cp to be an algebra map it should take the following simplihed form for any 
a G A and x G k: 

(f{a, x) = {ipia), r{a) + x sq) (33) 

for some triple (sq, 'tp, r) G k x Homfc(^, A) x Homfc(A, k). Next we prove that a linear 
map given by (33) is an algebra morphism from A(a,a,i?) to ^(a',A',i?') if only if 
tp : A ^ A is w. algebra map and the following compatibilities are fulfilled for any a, 
bG A: 

A(a) So = so, A(a) sq = A'(-0(0)) sq (34) 

r{ab) +i?(a, 6 )so = i)'{'^p{a),'^p{b))+X'{^p{a))r{b) + A'{'ip{b))r{a) (35) 

Indeed, (p preserves the unit (Iaj 0) if and only if V’(Ia) = 1a and r{lA) = 0. On the other 
hand we can prove that the hrst (resp. the second) compatibility of (34) is exactly the 
condition ip(y{a, 0 ) a ( 0 , x))= (p{a, 0 ) a' y?( 0 , x) (resp. y?(( 0 , x) a (a, 0 )) = y?( 0 , x) a' ip{a, 0 )). 
Finally, the condition (/?((a, 0) a ( 6 , 0))= p){a,0) a' (p{b,0) is equivalent to the fact that 
Tp is an algebra endomorphism of A and (35) holds. Finally, the condition r{lA) = 0 
follows by taking o = 6 = 1^ in (35). Step (1) is finished if we prove that an algebra map 
p> = p>(so,iij,r) given by (33) is bijective if and only if sq 7 ^ 0 and ip is an automorphism 
of A. Assume first that sq 7 ^ 0 and pj is bijective with the inverse Tp~^. Then, we can 
see that ‘P(so,ip,r) is an isomorphism of algebras with the inverse given by ^ := 

Conversely, assume that ip is bijective. Then its inverse is 

an algebra map and thus has the form p~^{a, x) = {'ip'{a), r'{a) + xsq), for some triple 
(sQjr'jip'). If we write op(0, 1) = (0, 1) we obtain that sqSq = I i.e. sq is invertible 
in k. In the same way o p[a, 0) = (a, 0 ) = y? o p~^{a, 0) gives that ip is bijective 
and ip' = ip~^. 

We will prove now the assertion from step ( 2 ). Assume that p : A(a^a,» 9 ) is an 

algebra map. Thus, p is given by (32), for some quadruple (sq, /3o, p>, r). Now, we can 
see that the algebra map condition <^(( 0 , x) a ( 0 , y)) = p{0, x) a' (^( 0 , y) holds if and only 
if /So = 0 and sq = 0; where a' denotes the multiplication on the algebra A^^ P Hence, 
p takes the form p{a, x) = {ip{a), r{a)), for all o G A and x G k. Such a map is never an 
isomorphism of algebras since is not injective and thus two algebras of the form A(a,a,i?) 
and are never isomorphic. The theorem is now completely proved. □ 

Remark 2.9. The compatibility condition (30) of Theorem 2.8 highlights the difficulty of 
classifying co-flag algebras over a given algebra A: it generalizes the classical Kroneker- 
Williamson equivalence of bilinear forms whose classification was started in [39] and 
finished in [27] over algebraically closed fields. We recall that two bilinear forms 
and {}' on a vector space A are called isometric if there exists a linear automorphism 
Ip G Autfc(A) such that '&{x,y) = ^'{ip^x), ip^y)), for all x, y G A. If the cocycles -d and 
are isometric as bilinear forms on A and tp is an algebra automorphism of A, then 


HOCHSCHILD PRODUCTS AND NON-ABELIAN COHOMOLOGY FOR ALGEBRAS 


17 


(30) holds by taking sq := 1 and r := 0, the trivial map. For future references to the 
problem of classifying bilinear forms up to an isometry we refer to [27]. 

Theorem 2.8 can be applied to classify all semidirect products of algebras of the form 
A^k. We recall from Example 1.3 that a semidirect product A^k is just a Hochschild 
product ^(a,a,i?) = A-kk having a trivial cocycle. The algebra obtained in this way will 
be denoted by A)- Directly from the proof of Theorem 2.8 we obtain: 

Corollary 2.10. Let A he an algebra, (A, A) and {X', A') two pairs consisting of algebra 
maps from A to k. Then there exists an isomorphism of algebras a.) — ^(a',A') */ 
and only if there exists G AutAig(A) such that X = X' o if and A = A' o fj. 

An interesting special case occurs for the algebras A such that there is no algebra map 
A ^ k (e.g. the classical Weyl algebra Wi{k) = k < x, y \ xy — yx = 1 > or the matrix 
algebra M„(/c), for n > 2). Using Proposition 2.6 and Theorem 2.8 we obtain: 

Corollary 2.11. Let A be an algebra for which there is no algebra map A^ k. Then 

Gm^{A,k)^k*, MOC{A,k) = {Axk} 

In particular, up to an isomorphism, the only algebra B for which there exists a surjective 
algebra map B ^ A having a 1-dimensional kernel is the direct product Ax k. 

Determining the automorphism group of a given algebra is an old and very difficult 
problem, intensively studied in invariant theory (see [13] and their references). As already 
mentioned, the first step proved in the proof of Theorem 2.8 allows us to compute the 
automorphism group AutAig (A(a,a,^)), for any (A, A,??) G CFi (A). Let k* be the units 
group of k, k* X AutAig(A) the direct product of groups and (A*,+) the underlying 
abelian group of the linear dual A* = Homfc(A, k). Then the map given for any sq G k*, 
^|J G AutAig(A) and r £ A* by: 

c : k* X AutAig(A) -> Autcr (A*, +), ((so, ip) (r) := Sq^ r o if 

is a morphism of groups. Thus, we can construct the semidirect product of groups 
A* iX(^ (fc* X AutAig(A)) associated to (. The next result shows that AutAig(A(A^A,» 9 )) is 
isomorphic to a certain subgroup of the semidirect product A* (fc* x AutAig(A)). 

Corollary 2.12. Let A be an algebra, (A, A, il) G (A) a co-flag datum of the first 
kind of A and let G{A, (A, A, tI)) be the set of all triples (sq; 'f, r) £ k* x AutAig(A) x A* 
such that for any a, b £ A: 

X = XoTp, A = Ao'!/i, 'd{a,b) So ='&{fi!{a),'ijj{b))-\-X{a)r{b)-\-A{b)r{a) — r{ab) 

Then, there exists an isomorphism of groups AutAig(A(A,A,i?)) — G (^) (^j^j ■*?)); where 
G[A, {X,A,d)) is a group with respect to the following multiplication: 

(so, r) ■ (s'o, r') := (soSq, + sor') (36) 

for all {sq, if, r), (sg, if', r') ££ G (A, (A,A, ■i?)). Moreover, the canonical map 

G (A, (A, A, 7?))—^ A* [k* X AutAig(A)), (sq, r) i-a (sg V, (sq, fi)) 
in an injective morphism of groups. 
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Proof. The fact that G [A, (A, A, i?)) is a group with respect to the multiplication (36) 
follows by a straightforward computation which is left to the reader: the unit is (1, Ma, 0) 
and the inverse of {sq, if, r) is {sq^, , —S(C^(r o The first statement follows 

from the proof of Theorem 2.8, step (1), since P(so,i>,r)° y) = <^(so4,bob',™b'+so^-')’ 

where ^(so,ip,r) is an automorphism of a,i?) given by (31). The last assertion follows 
by a routine computation. □ 


Now we shall provide some explicit examples. The first example shows the limitations 
of the classical approach for the extension problem: there is no (1 + n^)-dimensional 
algebra with an algebra projection on the matrix algebra M„(A:) whose kernel is a null 
square ideal, but there exists a family of (1 + n^)-dimensional algebras which project 
on the matrix algebra M„(A:). We denote by {cij \ = ,n} the canonical basis of 

M.n{k), i.e. Bij is the matrix having 1 in the position and zeros elsewhere while 

6^ and denote the Kroneker symbols. 

J (n,n) 


Example 2.13. Let n > 2 be a positive integer. Then, (M„(A:), k) = k* and the 
equivalence classes of all (1 + n^)-dimensional algebras with an algebra projection on 
M„(/c) are the following algebras denoted by M„(/c)“ and defined for any u £ k* as the 
vector space having {/, Cij \i,j = 1, • • • , re} as a basis and the multiplication given for 
any i, j = 1, • • • , re by: 


f := uf, eiji^f = f* Bij := /, Bij * Bki := Si bu+u ^ (5| 


{n,n) ' 




(n,n) {n,n) 


Furthermore, HOC (M„(A:), k) = {M„(A:) x k}. 

The result follows by applying Proposition 2.6 and Corollary 2.11 since there is no unitary 
algebra map Mn{k) —)• k. If we consider : Mn{k) —)• k defined by X^{Bij) := 
for all i, j = 1, • • • ,re, then {(A®, re) | re G k*} is a system of representatives for the 
equivalence relation Ri 2 - The algebra Mn{k)'^ associated to the pair (A*^, re) is the vector 
space having {/, Bij | i, j = 1, • • • , re} as a basis while the multiplication given by (23) 
comes down to the one in the statement. 


An interesting example through the subtle arithmetics involved in the classification of 
the corresponding Hochschild products is the group algebra k[Cn], where for a positive 
integer re > 2 we denote by Cn the cyclic group of order re generated by d. We introduce 
the following notation: for any j = 1, • • • , re — 1 we shall denote by i * j the positive 
integer given by 

f i + 7 if j + i < n 

'I n •— \ 

\ i + j — n if j + i > n 

In what follows Un{k) ■.= {u £ k \ = 1} denotes the cyclic group of re-th roots 

of unity in k and A{n, k) := {x £ U{k[Cn]) \ if ■ k[Cn] —>■ k[Cn], if{d^) = x*, i = 
0,1, • • • , re — 1, is an algebra automorphism}. 

Example 2.14. Let A: be a field such that re is invertible in k. Then: 

Gtf {k[Cn], k) ^ {Un{k) X Un{k))uk* 
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and the equivalence classes of (n + l)-dimensional algebras with an algebra projection 
on k[Cri\ are the families of algebras having {/, d* | i = 1 , • • • , n} as a basis over k and 
the multiplication * defined for any (a, /?) G Un{k) x Un{k), u G k* and i, j = I, ■ ■ ■ ,n 
by: 

k[Cn]ia,fi)- f = 0, d^^f = a^f, = 

k[CnT ■ + u-\5^ 5] - dr+,)/, f = uf, d* * / = / * d* = dr / 

Furthermore, there exists a bijection 

MOC {k[Cn], k) ^ {Un{k) X Un{k)/ = )u{k[Cn] X k} 

where = is the following equivalence relation on Un{k) x Un{k): two pairs (a, /3), (a', /?') 
of n-th roots of unity in k are equivalent (a, /3) = (a', /3') if and only if there exists 
xq + xi d + ■ ■ ■ + Xn-i d'^~^ G A(n, k) such that 

a' = xo + xia-\ - P'= xq + xi/3-\ -(37) 

To start with we point out that the algebra maps k[Cn] k are parameterized by the 
cyclic group of n-th roots of unity in k. Consider a, P G Un{k) which implement A and 
respectively A, i.e. A(d) = a and A(d) = /3. We are left to compute the set of all (A, A)- 
cocycles. To this end we denote 'd(d*, d) := i = 1, • • • , n — 1 and we will see that 
these elements will allow us to completely determine the cocycle -d : k[Cn] x k[Cn] —)• k. 
Indeed, by writing down (17) for triples of the form (d*, d^, d) and using induction we 
obtain the following general formula: 

d(d\ d^) = ^ - (E 

k=0 1=1 

for all i, j = 1, • • • ,n — 1, where := 0. Furthermore, by writing down (17) for triples 
of the form (d®, d®®”*, d®) and using the above formula for d we obtain the following 
compatibility which needs to be fulfilled for any i = 1, - ■ ■ ,n — 1 : 

(a' - /3')(C„-1 + en -2 /3 + ... + 6 /3”“') = 0 

Therefore we distinguish two cases, namely: a = (3 oi a A fd and + in -2 /3 + ... + 
= 0 . It follows that C3Fi {k[Cn]) = {Un(k) x kP-~^) U {(a, /3, ^ 2 , ..., in- 2 ) G 

Un{k) X Un{k) X I a / /3} and the bijection associates to any (a, di, d 2 , ..., dn-i) G 
Un{k)xk'^~^ the co-flag datum of the first kind (Aq,, Aq, d^) given for all i, j = 1, - ■ ■ , n—1 
by: 

1-1 1-1 

A(d) = A(d) := a, Md\ dd) := - (J] 

k=Q l=l 

where do = 0 , and to any (/I, 7 , ,^ 1 , ^ 2 , ..., in- 2 ) ^ Un{k) x Un{k) x k^~‘^, with /I / 7 , 
associates the co-flag datum of the hrst kind (A/j, A-,,, dj) given for any i, j = 1, ■ ■ ■ , re— 1 
by: 

1—1 1—1 

V(d) := /3, A^id) := 7 , Md\ d^) ■= E - (E 

fe=0 i=l 
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where = 0 and in-i = — (^n -2 /3 + ... + /?"■ ^). It is now obvious that a (Aq,, Aq)- 

cocycle is never equivalent to a (A/?, A.y)-cocycle for any a, /3, 7 £ Un{k), /3 7 ^ 7 . Fur¬ 
thermore, by a rather long but straightforward computation it can be easily seen that 
for all a £ Un{k), any (Aq, AQ,)-cocycle, say is equivalent (in the sense of (26)) to 
the trivial cocycle via the linear map t : k[Cn] —>• k dehned by t(l) := 0 and for any 
i = 2 , • • • , n — 1 : 

n—1 n—1 i—2 

t{d) := n~^ ^ a^6n-j, t{(f) := ^ a^dn-j — ^ a^6i-i-j 

j=l j=l j=0 

Therefore we have a ) k) = {(a, a) | a £ Un{k)}. A similar state¬ 

ment holds for the second family of co-flag data of the hrst kind: for all /3, 7 £ Un{k), 
with /3 'j, any (A/j, A.y)-cocycle, say is equivalent to the trivial cocycle via the linear 

map t : k[Cn] k defined by t{l) := t{d) := 0 and t(d*) := — 6 -i-i 7 '^\ for all 

i = ,n-l. Thus U(a^,a.,) ^^(a^ a.,) ^ Un{k) x Un{k) | a / /3}. 

Therefore, we have proved that (CTi {k[Cn])/ ~i ^ — Un{k) x Un{k) and the correspond¬ 
ing co-flag algebras are those denoted by k\Cn][oi,i3)- For the co-flag data of the second 
kind of k[Cn] we choose the set of representatives {(A'^,ri) | u £ k*} for the equivalence 
relation ^^ 2 , where A*^ : k[Cn] —)• A: is given by \^{dd) = 5)^, for all f = 1 , • • • , n. They 
give rise to the co-flag algebras denoted by /c[C'n]“. The conclusion now follows from 
Corollary 2.7. Finally, the assertion regarding HOC (A:)^^], k) is an easy consequence of 
Corollary 2.10. 

Remark 2.15. Example 2.14 shows that any Hochschild product A:[C',i]aA: is isomorphic 
either to the direct product A:[C'n] x k, or to a semi-direct product k[Cn][a,ii)^ parame¬ 
terized by the group Un{k) x Un{k). The explicit description of the isomorphism classes 
of the algebras k[Cn](a,/ 3 ) indicated by the equivalence relation (37) is a difficult number 
theory problem which relies heavily on the arithmetics of the positive integer n as well 
as on the base field k. Furthermore, the problem is also related to other two intensively 
studied problems in the theory of group algebras, namely the description of all invertible 
elements and the automorphism group of a group algebra [23, 32, 34]. Indeed, the key 
set A{n, k) which appears in the description of the classifying object HOC(A;[Cn], k) 
parameterizes in fact the automorphism group AutAig(A:[C'„]). Any element of A(n, k) 
is invertible in k[Cn] and has order n in the group f7(A:[C'n]). These elements depend es¬ 
sentially on n and the base field k. Indeed, let — 1 = / 1/2 • • • /t be the decomposition 
of — 1 as a product of irreducible polynomials in k[X]. If we denote by e* a root of 
fi in a hxed algebraic closure of k, we obtain that there exists a canonical isomorphism 
of A;-algebras k[Cn] = k{ei) x ■ ■ ■ x k{et) that maps the generator d of to (ei, • • • ,£t). 
Thus, AutAig(A:[C'n]) is isomorphic to a direct product between all wreath product of 
Aut(A:(ej)) and the symmetric groups [34]. 

Applying Example 2.14 for n = 2, we obtain the classification of all 3-dimensional 
algebras with an algebra projection on A:[C' 2 ] = k x k. 
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Example 2.16. If A: a field of characteristic 7 ^ 2, then: 

{k[C2], k) ^ ({±1} X {±1}) ur (38) 

MOC{k[C2], k) ^ {k^, k[X,Y]/{X^ - 1, XY - Y), A 21 } (39) 

where A 21 is the 3-dimensional non-commutative algebra having {l,d, f} as a basis and 
the multiplication given by d? = 1 , /^ = 0 , df = —fd = f. 

Now we highlight the efficiency of our methods in order to classify co-flag algebras of a 
given dimension. If A: is a field of characteristic 7 ^ 2 , then, up to an isomorphism, there 
exists only two co-flag algebras of dimension 2: the algebras k[X]/{X"^) and k[C 2 ] = kxk 
[5, Corollary 4.5]. If A: 7 ^ A:^, we mention that the other family of 2-dimensional algebras, 
namely the quadratic field extension k{'\/d), for some d ^k\k‘^ does not contain co-flag 
algebras since there is no algebra map k{Vd) —)■ k. The co-flag algebras over A:[C' 2 ] are 
classified by (39) and thus, in order to classify all 3-dimensional co-flag algebras we need 
to classify the co-flag algebras over k[X]/{X‘^). 

Example 2.17. Let A := A;[X]/(X^). Then GH^ (A;[X]/(X^), A:) = A: U A:* and the equiv¬ 
alence classes of 3-dimensional algebras that have an algebra projection on k[X]/{X‘^) 
are two families of algebras defined for any a € k and u € k* as follows: 

Aa := k[X, Y]/{X^ -aY, XY), A^ := k[X, Y]/{X'^, XY) 

Furthermore, HOC (A:[X]/(X^), k) = {Aq, Ai, i.e. up to an isomorphism there 
exist three co-flag algebras of dimension 3 over k{X\/{X"^). 

Indeed, A is the 2-dimensional algebra having 1 and x as a basis and = 0. Thus A 
has only one algebra map A ^ k, namely the one sending x to 0. Hence, there exists a 
bijection CTi (^) = k such that the co-flag datum of the hrst kind (A, A, d) associated 
to a G A: is given by 

d{x, x) := o, A(x) = A(x) = '!9(1, x) = i?(x, 1) = i?(l, 1) := 0 

We can easily see that the equivalence relation ~i of Proposition 2.6 becomes equality, 
i.e. a ~i a' if and only if a = o' and hence CJ-i {A)/ ~i = k. The families of algebras as¬ 
sociated to such a co-flag datum of the first kind as defined by (22) are the 3-dimensional 
algebras having {/, 1, x} as a basis and the multiplication given by: x * x = af, 
= x-kf = f-kx = 0, which is the algebra Aa- For the last part we apply Proposition 2.6 
which proves that CJ -2 {A)/ ~2 — k*: the algebra A“, for all u G k*, is precisely the alge¬ 
bra defined by (23) associated to the co-flag datum of the second king (A*^,tt), where A® 
is the linear map given by \^(x) := 0, A*^(l) := 1. The last statement follows from The¬ 
orem 2.8 or it can be proved directly as follows: we observe that, for any u G k*, there 
exists and isomorphism of algebras A“ = = k[X, F]/(X^, Y^ — Y, XY). On the other 

hand, there exists an isomorphism of algebras Aa = Ai = k[X, Y\/{X‘^ — F, F^, XY), 
for all a £ k* and any two algebras Aq, Ai and A^ are not isomorphic to each other. 


To conclude, using Example 2.16 and Example 2.17 we obtain: 
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Corollary 2.18. If k is afield of characteristic 7 ^ 2 then, up to an isomorphism, there 
exist exactly six 3-dimensional co-flag algebras namely: 

k[X,Y]/{X'^-1,Y^,XY-Y), k < x, y\x^ = 1, y"^ = Q, xy =-yx = y > 
k[X,Y]/{X‘^,Y‘^, XY), k[X,Y]/{X'^ -Y,Y^, XY), k[X,Y]/{X‘^,Y'^-Y,XY) 


In particular, if A: := C the field of complex numbers, Corollary 2.18 shows that only 
6 out of the 22 types of algebras of dimension 3 are co-flag algebras. Moreover, we 
also highlight the efficiency of Theorem 2.8 in classifying co-flag algebras by turning the 
problem into a purely computational one using a recursive method: if we consider A to 
be each of the algebras from Corollary 2.18 and using the results of this section we will 
arrive at the classihcation of 4-dimensional co-flag algebras. Of course the difficulty of 
the computations increases along side with the dimension. 

Very interesting and completely different from M.n{k) is the case when A := Tn{k) is 
the algebra of upper triangular matrices, i.e. Tn{k) is the subalgebra of Mn{k) having 
B := {cij \ i, j = 1, 2, ■ ■ ■ , n, i < j} as the canonical basis over k. In order to write down 
the classifying object ifTnik), k) we introduce the following three sets of matrices of 
trace zero, dehned for any u, v, w = 1,2, - ■ ■ , n by: 

:= {A = {oij) G Mn{k) \ an = 0, for all z = 1, • • • , n and Uur = 0, for all u < r} 

n 

:= {A = {oij) G M„(A:) | '^^an = 0, a^^ = 0, and Ows = 0, for all w < s} 

i=l 

n 

:= {A = {oij) G M„(A:) | '^^an = 0, = 0, and Ows = 0, for all w < s v} 

i=l 

Example 2.19. Let k he a field of characteristic zero. Then: 


GEfi {Tn{k), k)^ { U M“)u( IJ X k^-^)uUUk* 

,n} v,w£{l,2,--- ,n},v<w 


where we denote: U := U^,«,g{i, 2 ,... ^ ^ x k 


'V—W—1 


The equivalence 

classes of l)-dimensional algebras that have an algebra projection on Tn{k) are 

the families of algebras having {/, eij \ j = 1,2, •• • ,n, i < j} as a basis over k and 
the multiplication given below (we only write down the non-zero products): 

'k Cig Cii (^isf •) ^uj ^ ^uh ^uu ^ ^kl ^klf •> ^ij ^uu ^ijf^ 

Cij ki Cjj — Cij CXij f , Ciu kt Cuu — ^iu ; ^uu ^ / — f kt C^u — f ; 

whereu E {1,2,* • • A = E s; 


^ Pilf') ^wi * ^il — ^wl ^ww ^kl — ^wl^k l^klf •> 

^it ki Cyy — f^itf: ^ij k Cjj — Cij /3-ij (1 6j )/, C^js k Cyy — 'Jsf •) 

Cyjj k: Cjj — G-njj + ^^(1 5j )/, k: f — G^ww k f — /, 
whereE {1,2,*** ,n}, v <w, B = E 

r — (^r)t(i<r5 ^ p ^ i t S ^ 
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^ilf y ^wi A Cjj — Cuij “ 1 “ '^jfj ^wt A Ctu — ^lot; “ 1 “ 

C-iuio A — (^wl^k ^klf 1 ^ij * Cjj — ^ij ^ij f j &wj A (^vv — V’j/ 
eiv-kCvv = eiv, Cvv* f = f-keww = f, where e { 1 , 2 ,--- ,n}, 

^ C — i^P<]')p,q=l,n ^ ^ — i'4^r')w<rj ^ — (^s)u;<s<ii) 

i ^ w, j ^v, I, t ^ {v,w}; 

^Tn{k) : Cij ★ ej 7 = eu + - 1)/, Cnn* f = f *enn = /, = A/, 

where A G fc*. 

Indeed, we start by discussing the algebra maps X : Tn{k) ^ k. Denote X(eij) = atj G k, 
for all Cij G B. Since e?j = eu we have an G {0, 1}, for all i = I,-- - ,n. Moreover, 
since char(/i:) = 0 and we assume A to be unitary it follows that = 1. Therefore, 

cxuu = 1) for some u G {1, • • • , n} and an = 0, for all i 7 ^ rt; we denote by A“ this algebra 
map. As Cij = eneij, for all i < j, we obtain that aij = 0, for alH 7 ^ u and i < j. Finally, 
since eujCuu = 0 and A“(e„u) = 1, we obtain that auj = 0, for any u < j. To conclude, 
the set of algebra maps Tn{k) k are in bijection to the set {1, • • • , n} and the algebra 
map corresponding to some j G {1, • • • , n} is given by X^(ejj) := 1 and X^{euv) ■= 0, for 
all {u,v) 7 ^ (j, j)- The next step of the proof is a computational one: namely, for any 
u, u G {1, 2, • • • , n} we are left to compute the set of all (A’', A“)-cocycles This is 
achieved by straightforward but lengthy checking of (17) which in this case comes down 
to the following compatibility condition: 

ej'gCpq^ ’0{eijerg^ ^pq) — ^Ts)^ ^pq^X ('^b) 

with i < j, r < s and p < q. Rather than including here the cumbersome computations 
we will just point out the main steps taken; the detailed proof can be provided upon 
request. First, notice that since (40) is not symmetric with respect to the maps and 
A“ we distinguish three cases, namely: u = v, u < v and respectively u > v. For the 
case u = V the (A“, A“)-cocycles obtained are implemented by a family of (n — u) scalars 
and a matrix of trace zero with zeros on the line u strictly above the diagonal. Then, 
it can be proved that any such cocycle is equivalent (in the sense of (26)) to a cocycle 
implemented by a matrix in M“. The corresponding co-flag algebras are those denoted 
by Tn{k)\. li u < V then any (A’', A“)-cocycle is equivalent to a cocycle implemented 
by (n — v) scalars and a matrix in The corresponding co-flag algebras are those 

denoted by Tn{k)^^-p. Finally, u > v then any (A’^, A“)-cocycle is equivalent to a cocycle 
implemented by two families of (n — v) and respectively {u — v — 1) scalars and a matrix 
in M ’ . The corresponding co-flag algebras are those denoted by Tnik)^\ q- Finally, 
the last family of co-flag algebras, denoted by ^Tn{k), corresponds to a co-flag datum 
of the second kind associated (5"', A), where = 6f is the Kronecker symbol and 

A G k*. 

Moreover, for n = 2 we can also write down in a transparent way the other classifying 
object, namely HOC (T^ik), k). By a long but straightforward computation it can easily 
be seen that HOC ( 72 (A:), k) contains the algebras whose multiplication is depicted below 
together with the direct product of algebras 72 (A:) x k: 
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3. Applications to coalgebras and Poisson algebras 

In this section we shall present two applications of our results to the theory of coalgebras 
and respectively Poisson algebras, the latter being the algebraic counterpart of Poisson 
manifolds. Our strategy is to use two different contravariant functors which have both the 
category of algebras as a codomain, namely the linear dual functor (—)* := Hom/j (—, k) 
and respectively Fun(—) := the real smooth functions on a Poisson manifold 

functor. 

Supersolvable coalgebras. We recall that a coalgebra C = {C, A, e) is a vector space 
C equipped with a comultiplication A : C ^ C ® C and a counit e : C ^ k such that 
(A (g) Id) o A = (Id (g A) o A and (Id (g e) o A = (e g) Id) o A = Id, where (g = (gfc and Id is 
the identity map on C. We use the S-notation for comultiplication: A(c) = C(i) (g C( 2 ), 
for all c £ C (summation understood). The base field k, with the obvious structures, is 
the final object in the category of coalgebras. We only provide some basic information 
of coalgebras, referring the reader to [11] for more detail. If C = (C, A, e) is a colgebra, 
then the linear dual C* = Homfc(C, k) is an associative algebra under the convolution 
product (/ * g){c) := /(c(i)) 5 (c( 2 )), for all f,g£C* and c G C having the unit Ic* = £■ 
Conversely, if A is a finite dimensional algebra with a basis {cj | z = 1, • • • , n}, then the 
linear dual A* is a coalgebra with the comultiplication and the counit given for any 
i = !,■■■ ,n by: 

n 

^A*(e-) := e*{ejei)e* g) ef, eA*(e*) := e*(U) (41) 

j,i=i 

where {e*\i = I,-- - ,n} is the dual basis of {ei\i = 1, • • • ,n}. The contravariant 
functor (—)* := Hom/j (—, k) gives a duality between the category of all finite dimensional 
coalgebras and the category of finite dimensional algebras [11]. Having the supersolvable 
Lie algebras [9] as a source of inspiration we introduce the following concept: 
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Definition 3.1. A coalgebra C is called supersolvable if there exists a positive integer 
n such that C has a finite chain of subcoalgebras 

A; ^ Cl C (72 C • • • C := C (42) 

such that Ci has codimension 1 in (7i+i, for all z = 1, • • • , n — 1. 

Any supersolvable coalgebra is finite dimensional and the definition is equivalent to 
the fact that dim((7j) = i, for all i = I,-- - ,n. Furthermore, since any supersolvable 
coalgebra C contains a 1-dimensional subcolagebra, we obtain that G{C) ^ 0, where 
G{C) is the space of group-like elements of G. Using the duality given by the functor 
(—)* it follows that a finite dimensional coalgebra G is supersolvable if and only if 
its convolution algebra G* is a co-flag algebra in the sense of Definition 2.1 and vice- 
versa: a finite dimensional algebra A is a co-flag algebra if and only if its dual A* is a 
supersolvable coalgebra. Thus, the results obtained in the previous section can be applied 
for the classification problem of supersolvable coalgebras of a given dimension.^ Using the 
above facts. Corollary 2.18 classifies in fact all 3-dimensional supersolvable coalgebras: 
the isomorphism classes are the duals A* of the algebras listed in the statement. For 
example, the dual coalgebra associated to the noncommutative algebra k < x, y\x^ = 
1, = 0, xy = —yx = y > is the non-cocommutative supersolvable coalgebra having 

{/i) f 2 , /s} as a basis and the comultiplication and the counit given by: 

A(/i) :=/i (8)/i +/2 (S'/2, A(/2) :=/i (g)/2 +/2 <8)/i, e(/i) := 1, e(/2) := 0 

A(/3) := /i <8 /s + /s ® /i + /2 <8> /s - /s ® /2, £{h) ■= 0 

The coalgebra obtained in this way is indeed supersolvable by choosing Ci := k{fi — / 2 ) 
(we observe that /i ± /2 is a group-like element) and G 2 ■= kfi -\- kf 2 as the intermediary 
coalgebras of dimension 1 respectively 2 in the sequence (42). 

Another application of our theory of Section 1 is the following: let C be a finite di¬ 
mensional coalgebra, n a positive integer and V := /c”. Then by taking the convolution 

algebra A := G* we obtain that the object {G*, kA) classifies, up to an isomorphism 
which stabilizes G and costabilizes fe”, all coalgebras which contain (7 as a subcoalgebra 
of codimension n. Moreover, a coalgebra D contains (7 as a subcoalgebra of codimension 
n if and only if D is isomorphic to the dual coalgebra {G* -k k'^)* of a Hochschild product 
G* k k^ between the convolution algebra G* and the vector space fe”. The formula for 
the comultiplication of any such coalgebra {G* k k'^)* can be written down effectively 
by using (41) and (3). This observation shows that the GE-problem applied for finite 
dimensional algebras and finite dimensional vector spaces gives the answer at the level 
of finite dimensional coalgebras to what we have called the extending structures problem 
studied in [2, 4, 5] for Jacobi, Lie and respectively associative algebras. 

Applications to Poisson algebras. Commutative Poisson algebras are algebraic coun¬ 
terparts of Poisson manifolds from differential geometry: for a given smooth manifold M, 
there is a one-to-one correspondence between Poisson brackets on the commutative alge¬ 
bra P := G°°{M) of smooth functions on M and all Poisson structures on M [22]. The 

^The classification of solvable Lie algebras [20], over arbitrary fields, was achieved up to dimension 4. 
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importance of Poisson algebras in several areas of mathematics and physics (Hamilton¬ 
ian mechanics, differential geometry, Lie groups, noncommutative algebraic/diferential 
geometry, (super)integrable systems, quantum held theory, vertex operator algebras, 
quantum groups) it is also well known - see [21, 22, 30] and the references therein. In 
fact, C°°{—) gives a contravariant functor from the category of Poisson manifolds to the 
category of Poisson algebras and constitutes the tool through which geometrical prob¬ 
lems can be restated and approached at the level of Poisson algebras. In particular, the 
GE-problem, formulated for Poisson algebras, is just the algebraic counterpart of the 
following question from differential geometry: Let M he a Poisson manifold. Describe 
and classify all Poisson manifolds containing M as a manifold of a given codimension. 

We recall that a Poisson algebra is a triple P = (P, mp, [—, —]), where {P,mp) is a 
unital associative algebra, (P, [—, —]) is a Lie algebra such that the Leibniz law holds 
for any p, q, r & P: 

\pq,r] = \p,r]q+p[q,r] (43) 

Usually, a Poisson algebra P is by dehnition assumed to be commutative like the algebra 
P := C^{M) of real smooth functions on a Poisson manifold M which is the typical 
example of a Poisson algebra. However, following [18, 29] in order to broaden the class 
of Poisson algebras and to be able to construct relevant examples, throughout this paper 
we do not impose this restriction. A morphism between two Poisson algebras P and P' 
is a linear map p : P ^ P' that is a morphism of associative algebras as well as of Lie 
algebras; we will denote by Autposs(P) the group of automorphisms of a Poisson algebra 
P. For basic concepts and unexplained notions on Lie algebras we refer to [16] and to 
[30] for those concerning Poisson algebras. 

Let P = (P, mp) be an algebra and u & k. Then {P,mp, [—, —]„) is a Poisson algebra, 
where [a, b]u := u{ab — ba), for all a, b £ P. In particular, any associative algebra 
P = (P, mp) is a Poisson algebra with the abelian Lie bracket, i.e. [a, b] := 0, for all 

a, b G P. On the other hand, let g = (g, [—, — ]g) be a Lie algebra with a linear basis 

{cj \ i € /}. Then the symmetric algebra P := 5'(g) of g (i.e. the polynomial algebra 
k[ei \ i £ I]) is a Poisson algebra with the bracket defined by [cj, ej] := [ci, ej]g, for all i, 
j £ I and extended to the entire algebra k[ei\i £ I] via the Leibniz law (43). 

If P is a Poisson algebra then the direct product P x k is a Poisson algebra with the 
direct product structures of associative/Lie algebra: that is the multiplication and the 
bracket is dehned for any p, q £ P and x, y £ k hy: 

{p,x)x{q,y) := {pq, xy), {{p,x), {q,y)} := {[p,q], O) (44) 

Furthermore, the canonical projection vrp : P x k ^ P, '7rp{p, x) := p is a surjective 

Poisson algebra map having a 1-dimensional kernel. It what follows we shall classify all 
Poisson algebras Q that admit a surjective Poisson algebra map Q —^ P —?■ 0 with a 
1-dimensional kernel. In order to do this we first recall from [3] the following concept: 

Definition 3.2. A co-flag datum of a Poisson algebra P is a 5-tuple (A, A, -d, 7 , /), 
where A, A, 7 : P —^ fe are linear maps, d, f : P x P ^ k are bilinear maps such that: 

(CFl) (A, A, d) is a co-flag datum of the first kind of the associative algebra P 
(CF2) A([p, g]) = A([p, q]) = 7 ([p, q]) = f{p,p) = 0 
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(CF3) f{p,[q, r]) + f{q,[r, p]) + f{r,\p, q]) +'yip)f{q,r) + j{q)f{r,p) +-f{r)f{p,q) =0 
(CF4) f{pq, r) - K{q) f{p, r) - \{p)f{q, r) = j{r)'d{p, q) + r], q) + 'd{p, [q, r]) 

(CF5) 7 (pg) = j{p)A{q) + Xip^iq) 

for all p, q, r ^ P. We denote by P (P) the set of all co-flag data of P. 

The above concept was introduced in [3, Definition 3.2] under the name of ’abelian co- 
flag datum’ of P. We dropped the adjective ’abelian’ since the other family of co-flag 
datum introduced in [3, Definition 3.4] will generate a family of Poisson algebras which 
are all isomorphic to the direct product P x k (see the proof of Theorem 3.3 below) ~ 
hence, they are irrelevant from the classification view point. 

Let (A, A, i}, -y, f) £ P (P) be a co-flag datum of a Poisson algebra P. Then we shall 
denote by P(a,a, 19 , 7 ,/) ■= P ^ k the direct product of vector spaces which is a Poisson 
algebra with the multiplication a and the bracket } defined [3, Section 3] for any 

p, q £ P, X, y £ k by: 

{p,x)-k{q,y) := {pq, 'd{p,q) + X{p)y + Aiq)x) (45) 

{{p,x), iQ:y)} ■= fipp)+ x{p)y- i{q)x) (46) 

Now we can prove the following classification result: it is the Poisson version of The¬ 
orem 2.8 and improves the classification given in [3, Theorem 3.6] where all Poisson 
algebras Q having a Poisson surjection Q —)• P —)• 0 with a 1-dimensional kernel are 
classihed in a more restrictive fashion: up to an isomorphism which stabilizes k and 
co-stabilizes P. 

Theorem 3.3. Let P be a Poisson algebra. Then: 

(1) A Poisson algebra Q has a surjective Poisson algebra map Q —)• P —>• 0 with a 1- 

dimensional kernel if and only ifQ = Pxk orQ = P(a a i9 7 /); for some (A, A, A, 7, /) £ 

P{P). 

(2) Two Poisson algebras P(a,a,i 9 , 7 ,/) -F(A',A',i 9 ', 7 ',/') isomorphic if and only if 

there exists a triple {sq, ip, r) £ A:* x Autposs(F’) x Homfc(P, k) such that for anyp, q £ P: 

X = X' o A = A' o ijj, 7 = y' o ^ (47) 

i^iPP) So = i?'('0(p),'i/’(g))+A(p)r(g) -h A{q)r{p) - r{pq) (48) 

f{p,q)so = f'iipip), 'ip{q))+j{p)r{q) - l{q)r{p) - r([p, g]) (49) 

(3) The Poisson algebras P(a,a,i 9 , 7 ,/) o-f^d Pxk are not isomorphic. 

Proof. (1) Let Q be a Poisson algebra having a surjective Poisson algebra map Q —)• 
P —> 0 with 1-dimensional kernel. Then, using [3, Proposition 2.4 and Proposition 3.5] 
we obtain that Q = P(a, a,i 9 , 7 ,/)) for some (A, A, d, f) £ P (P) or Q = pAP^^)^ where 
u £ k\{0}, A:P—)-/cisa unit preserving linear map, d : P x P ^ k is a bilinear map 
satisfying the following two compatibilities for any p, q, r £ P: 


X{pq) = X{p)X{q) -ue{p, q), 9{p, qr) - e{pq, r) = 6 »(p, g)A(r) - e{q, r)X{p) (50) 
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which we called in [3, Definition 3.4] a non-abelian co-flag datum of P. The Poisson 
algebra is the vector space P x k having the multiplication and the Poisson 

bracket defined by: 

{P,x)*{q,y) := {pq, 'd{p,q) + X{p)y + X{q)x+ uxy) (51) 

{{P,x), {q,y)} := {\p,q], -u~^ X{[p, q])) (52) 

for all p, q G P and x, y G k. Since w / 0 we obtain from the first equation of (50) that 
1 ? is implemented by u and A by the formula 'd(p, q) = u~^ (^X{p)X{q) — X{pq)^ and hence 
the multiplication of the Poisson algebra given by (51) takes the form: 

(p, x) -k {q, y) = {pq, u~^ (^X{p)X{q) - X{pq)^ +X{p)y + X{q)x + u xy) 

which is precisely (19). The first part is finished once we observe that the map given by 
the formula (21), namely (f : P x k, ip(p,x) := {p, X{p) + ux), for all p G P 

and x G k is an isomorphism of Poisson algebras. Indeed, Remark 2.4 shows that (p is 
an isomorphism of associative algebras; hence we only have to prove that it is also a Lie 
algebra map, where the bracket on is given by (52). A straightforward compu¬ 

tation shows that (p(^{{p, x), {q, y)}^= [(p(p, x), (p{q, y)]pxk = {\p, q], O) and thus any 

Poisson algebra pP’") is in fact isomorphic to the direct product of Poisson algebras 
P X k. 

(2) The first step in proving Theorem 2.8 gives a bijection between all associative algebra 
isomorphism corresponding to the Poisson algebras P(a, A,i?, 7 ,/) aiid P(a', A',i?', 7 ',/') 

the set of all triples (sq, V’j r) G k* x AutAig(P) x Homfc(P, k) satisfying (48) and the 
first two compatibilities of (47). The bijection is given such that the associative algebra 
isomorphism tp = P(so,'ilj,r) ■ P[x,A,-d,-y,f) associated to (sq, r) is 

given by the formula (33), that is (p(p, x) = (V'(p), r(p) -|- xsq), for all p G P and 
X G k. The proof will be finished if we show that such a map p = P[so,ip,r) is also a 
morphism of Lie algebras if and only if ijj is an automorphism of the Lie algebra P = 
(P, , —]) and the last equation of (47) and (49) hold. This is an elementary fact: by 

a straightforward computation we can show that 7 ?^{(p, 0 ), (( 7 , 0 )}^= {(p(p, 0 ), (^(g, 0 )} 
if and only if ?/) : P —>• P is a Lie algebra map and (49) holds. In a similar fashion 
(p^{(p, 0), (0, x)}^= {<p(p, 0), <p(0, x)} if and only if 7 = 7 ' o ■(/;. The rest of the details 
are left to the reader. 

(3) Follows from step (2) of the proof of Theorem 2.8 which proves that the associative 

algebras P(a,a,i?, 7 ,/) and P x k are never isomorphic. □ 

Corollary 3.4. Let P he a Poisson algebra for which there is no algebra map P ^ k 
or P is perfect as a Lie algebra, i.e. P = [P, Pj. Then, up to an isomorphism, the only 
Poisson algebra Q for which there exists a surjective algebra map Q —>• P —^ 0 having a 
1-dimensional kernel is the direct product P xk of Poisson algebras. 


Proof. The proof follows from Theorem 3.3 since in both cases the set P (P) is empty. 
Indeed, the first case follows form Corollary 2.11, while if P is perfect as a Lie algebra 
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then, using the compatibilities (CF 2 ) we obtain that A = A = 0, the trivial maps, which 
contradicts the fact that the algebra maps A and A are unit preserving. □ 

The geometrical meaning of Corollary 3.4 is the following: if M is a real Poisson manifold 
such that the algebra of all real smooth functions on M is perfect as a Lie 

algebra, then up to an isomorphism, there is only one Poisson manifold containing P 
as a sub-manifold of codimension 1. The group of Poisson algebra automorphisms of 
P{\,A,^,'y, f) can also be described. Using the proof of Theorem 3.3, the Poisson version 
of Corollary 2.12 takes the following form: 

Corollary 3.5. Let P be a Poisson algebra, (A, A, -d, 7, /) € T" (P) a co-flag datum of P 
and let GP{P, (A, A, d, 7, /)) be the set of all triples (sq, if, r) G k* x Autposs(-P) x P* 
satisfying the compatibility conditions (47)-(49) written for X' = X, A' = A, 7' = 7, 
d' = d and f' = f- Then, there exists an isomorphism of groups 

Autposs(-P(A,A,^,7,/)) - /)) 

where the latter is a group with respect to the following multiplication: 

(so, if, r) • (s'o, if', r') := (sqs'o, ifoif',ro'if'-j- sq/) 

for all (so, if, r), (sg, if', r') SG QV [P, (A, A, d, 7, /)). Moreover, the map 

gV {P, (A, A, d, 7, /))—^ P* {k* X Autposs(T’)), (sq, if, r) i-A (sg V, (sq, if)) 

is an injective morphism of groups. 

We end the paper with a relevant example which follows by a long computation based 
on Theorem 3.3; the detailed proof can be provided upon request. 

Example 3.6. Let khe a field of characteristic zero and P := TL{2>, k) the 3-dimensional 
non-commutative Heisenberg-Poisson algebra: i.e., TL{‘i, k) is the set of all upper tri¬ 
angular 2x2 matrices with the usual multiplication and the Lie bracket given by 
[x,y] := xy — yx. Consider {en, ei 2 , 622 } a basis of "^(3, k) over k. Then the set 
of isomorphism types of all 4-dimensional Poisson algebras which admit a surjective 
Poisson algebra map on TL{3, k) are the ones listed below together with the usual direct 
product Ti{3, k) X k (we only write down the non-zero products): 


Pi : 

eii * 

611 

= 611, 

611 A 612 = 

612, 612 

* 622 

= 612, 

622 A 622 

= 622, 


eii * 

/ = 

■ / * 611 

= /, {611 

, 612} = 

612, 

{612, 622} = 612. 


P2 : 

eii A 

611 

= 611, 

611 A 612 = 

612, 612 

A 622 

= 612, 

622 A 622 

= 622, 


622 * 

/ = 

^ * 622 

= /, {611 

, 612} = 

612, 

{612, 622} = 612 


P3 ■■ 

611 * 

611 

= 611, 

611 * 612 = 

612 - f. 

612 A 611 = 

/, 612 A 622 = 612 


622 A 

612 

= f, 622 A 622 = 622, 611 A 

/ = . 

/a 622 

= /, {eii 

, 612} = 


{612, 

622} = 612 

, {611, /} ^ 

= f, {622, /} 

= -/• 
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P4 ■ eii ★ eii = eii, en * ei2 = ei2, ei2 * 622 = ei2, 622 * £22 = 622, 
eii * / = / * 622 = f, {en, 612} = 612, {ei2, 622} = 612, 

(en, /} = w/, {622, /} = -w/, where uj £ k. 

P5 ■ 611 * 611 = 611, 611 * 612 = 612, 612 * 622 = 612, 622 * 622 = 622, 

622 A / = / * 611 = /, {en, 612} = 612, {ei2, 622} = 612, 

{en, /} = t/, {622, /} = -Tf, where t £ k. 

We point out that, even if up to an isomorphism there are only 8 associative algebras 
of dimension 4 with a surjective algebra map on the algebra ^( 3 , k) (indicated at the 
end of Example 2 . 19 ), the set of isomorphism types of Poisson algebras having the same 
algebra structure can be infinite due to the 1-parameter families P^ and P^. 
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